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Homomorphisms of Hesitant Fuzzy 

Subgroups 
Deepak D and Sunil Jacob John 

Abstract --  Hesitant fuzzy subgroup defined on a group G generalizes the idea of fuzzy subgroups. It mainly focuses 

on the multiplicity of values encountered when dealing with hesitant fuzzy sets. In this paper we introduce the notions 

of a homomorphism and isomorphism between two hesitant fuzzy subgroups and study their effects on hesitant fuzzy 

subgroups. Some results regarding the homomorphisms between some quotient subgroups are also discussed. 

 
Index Terms— Hesitant fuzzy subgroups, normal hesitant fuzzy subgroup, homomorphism and isomorphism of 

hesitant fuzzy subgroups. 

 

1 Introduction 
fter the introduction of Fuzzy sets by L 
A Zadeh (1965) [9], several extensions 

have been developed. One of the recent 
extensions is the introduction of Hesitant 
fuzzy sets by V Torra [4, 5]. Hesitant fuzzy 
set (HFS) permits the membership having a 
set of possible values. It has applications in 
many decision making problems [6, 7, 8]. 
  
In 1971, A Rosenfeld [3] introduced the 
notion of fuzzy subgroups.  Since then a lot 
of work has been done on fuzzy algebraic 
structures. In this paper we study the 
homomorphisms on hesitant fuzzy 
subgroups.  In section 2 we discuss some 
preliminaries regarding HFS's.  Section 3 
studies notions of HF groups and normal HF 
groups which have already been introduced 
by us [2].  Section 4 studies the effects of 
homomorphisms on these structures. 
 
2 Basic Concepts 
 This section introduces the basic 
concepts in Hesitant fuzzy set theory. 
Definition 2.1 ([5]). Let X be a reference set 
then a Hesitant fuzzy set(HFS) on X is 
defined in terms of a function h that when 
applied to X returns a subset of [0, 1] h : X → 
P [0, 1] where P [0; 1] denotes power set of [0, 
1]. 

 
The empty hesitant set, the full hesitant set, 
the set to represent complete ignorance for x 
and the nonsense set are defined as follows: 
Empty set : ( ) }0{0 =xh  
Full set: ( ) }1{=xhX  
Complete ignorance ( ) [ ]1,0=xh  
Set for a nonsense ( ) φ=xhx :  
Given an hesitant fuzzy set h, its lower and 
upper bound are defined as follows: 

( ) ( )xhxh min=−  
( ) ( )xhxh max=+  

For convenience we call ( )xh  a hesitant fuzzy 
element (HFE) [7].  Let ( )( )xhl  be the number 
of values in ( )xh . 
Definition 2.2 ([7]).  Score for a HFE, 

( ) ( ) ∑∈
=

hhl
hs

γ
γ1  is called the score function of 

h.  
Note: If the HFE is infinite then 

( )( ) ( )( ) ( )( )( )..supinf
2
1 xhxhxhs +=  

Definition 2.3.  Let ( ).XHFh∈   Then the set 
( )xh

Xx∈
∪  is called the image of h and is 

denoted by ( )Xh .  The set 
( )( ){ }0, >∈ xhsXxx , is called the support of h 

and is denoted by *h . h is called finite 
hesitant fuzzy set if *h  is a finite set, and an 
infinite hesitant fuzzy set otherwise.  
Definition 2.4. Let XY ⊆  and [ ].1,0⊆A  We 
define ( )XHFAY ∈  as follows: 
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( ) { }



∈
∈

=
YXx

YxA
xAY \for0
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Definition 2.5 ([2]). Hesitant Equality:  
Let 1h  and 2h  be two hesitant fuzzy sets on 
X, then we say that 1h  is equal to 2h  
(denoted 21 hh = ) iff ( ) ( )xhxh 21 =  and 1h  is 
hesitantly equal to 2h  (denoted 21 hh ≈  iff 

( )( ) ( )( ) Xxxhsxhs ∈∀= 21 . 
Definition 2.6 ([2]). Hesitant subset: 
Let 1h  and 2h  be two hesitant fuzzy sets on 
X, then we say that 1h  is a hesitant subset of 

2h  (denoted by 21  hh  ) iff 
( )( ) ( )( ) Xxxhsxhs ∈∀≤ 21 . 

Definition 2.7 ([5]).  Given two hesitant 
fuzzy sets represented by their membership 
functions 1h  and 2h , their union represented 
by 21 hh ∪  is defined as  

( )( ) ( )( )( ) ( ){ }−−≥∪∈=∪ 212121 ,max/ hhxhxhxhh γγ
{ }

2211 ,
21,max

hh ∈∈
=

γγ
γγ . 

Definition 2.8 ([5]).  Given two hesitant 
fuzzy sets represented by their membership 
functions 1h  and 2h , their intersection 
represented by 21 hh ∩  is defined as  

( )( ) ( ) ( ) ( )( ){ }.,min/ 212121
++≤∪∈=∩ hhxhxhxhh γγ  

{ }
2211 ,

21,min
hh ∈∈

=
γγ

γγ . 

Definition 2.9. Given two hesitant fuzzy sets 
represented by their membership functions

1h  and 2h , we define a score based 
intersection of 1h  and 2h  (denoted by 21

~ hh ∧

) as  

( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )







≈∪
=∧

xhxhxhxh
xhxhxh
xhxhxh

xhh

2121

122

211

21

if
if
if

~ 



 

and a score based union of 1h  and 2h  
(denoted by ) 21

~ hh ∨ ) as  

( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )







≈∪
=∨

xhxhxhxh
xhxhxh
xhxhxh

xhh

2121

122

211

21

if
if
if

~ 



 

For a collection, { }Iihi ∈  of hesitant fuzzy 
subsets of X, where I is a non empty index 
set, we have Xx∈∀  
( )( ) ( )xhxh iIiiIi ∈∈ ∨=∨ ~~

 
( )( ) ( )xhxh iIiiIi ∈∈ ∧=∧ ~~  

Definition 2.10. (Extension Principle).  Let f 
be a function from X into Y, and let 

( )XHFh ∈1  and ( )YHFh ∈2 .  Define the 
hesitant fuzzy subsets )()( 1 YHFhf ∈  and 

)()( 2
1 YHFhf ∈−  by Yy∈∀   

( )( ) ( ) ( ){ } ( )
{ }



 ≠=∈∨=

−

otherwise,0
,if;,~ 1

1
1

φyfyxfXxxhyhf

 
and ( )( ) ( )( ).,, 22

1 xfhxhfxx =∈∀ −  Then ( )1hf  

is called the image of 1h  under f and ( )2
1 hf −  

is called the pre image of 2h  under f.  
Theorem 2.11. Let f be a function from X 
into Y and g a function from Y into Z.  Then 
the  following assertions hold.   

1. ( ) ( ) ( )XHFhhhfhfhh ∈∀⇒ 212121 ,    

2. ( ) ( ) ( )YHFhhhfhfhh ∈∀⇒ −−
212

1
1

1
21 ,  

 
3. ( )( ) ( ).  111

1 XHFhhhff ∈∀−   
       In particular if f is a surjection, then  
     ( )( ) ( ).111

1 XHFhhhff ∈∀=−  

4. ( )( ) ( ). 222
1 XHFhhhff ∈∀−   

      In particular if f is a surjection, then 
     ( )( ) ( ).222

1 YHFhhhff ∈∀=−  

5. ( ) ( ) ( )XHFhhfhhhf ∈∀≤⇔ −
12

1
122    

and ( )YHFh ∈2 . 

6. ( )( ) ( )( ) ( )XHFhhfghfg ∈∀= 111   and  

   ( )( ) ( ) ( ) ( ).33
1

3
11 ZHFhhfghgf ∈∀= −−−   

 
 
3  Hesitant Fuzzy Subgroups and 
Normal Hesitant Fuzzy Subgroups 
 This section introduces the concept 
of composition in the case of Hesitant fuzzy 
sets. Hesitant fuzzy sub-group is defined and 
certain results regarding them are discussed. 
Normal Hesitant fuzzy subgroup is an 
important concept when it comes to the 
study of Hesitant fuzzy group theory. This 
section moves on to discuss various results 
regarding them. 
Let G denote an arbitrary group with a 
multiplicative binary operation and identity 
e.  
Definition 3.1.  We define the binary 
operation   on HF(G) and the unary 
operation -1 on HF(G) as follows: 

( )GHFhh ∈∀ 21,  and ,Gx∈∀  
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( )( ) ( ) ( ){ }xyzGzyxhxhxhh =∈∨∨= ,,~~
2121   and 

( ) ( )11
1

−− = xhxh  
We call 21 hh   the product of 1h  and 2h , and 

1
1
−h  the inverse of 1h . 

Definition 3.2.  Let ( )GHFh∈ .  Then h is 
called hesitant fuzzy subgroup of G if 

(i) ( ) ( ) ( ) Gyxyhxhxyh ∈∀∧ ,~    
and  

(ii) ( ) ( ) Gxxhxh ∈∀−   1   
Denote by HFG(G), the set of all Hesitant 
Fuzzy subgroups of G.  If ( )GHFGh∈ , then 
let ( ) ( ){ }ehxhGxh =∈=* .  From (i) of the 

above definition we have ( ) ( ) Gxxhxh n ∈∀≥

, where Ν∈n . 
Lemma 3.3. ( )GHFh∈  is a hesitant fuzzy 
subgroup iff  ( ) ( ) ( ) Gyxyhxhxyh ∈∀∨≥− ,~1  
Lemma 3.4. Let ( )GHFGh∈ .  Then Gx∈∀ ,  

(i) ( ) ( )xheh     

(ii) ( ) ( )1−≈ xheh  
Lemma 3.5. If ( )GHFGh∈  and if Gyx ∈,  
with ( ) ( )yhxh    , then ( ) ( ) ( )yhxhxyh ∧≈ ~ . 
Definition 3.6.  Let G be a group.  A hesitant 
fuzzy subgroup of a group G is called 
normal if ( ) ( ) Gyxxyyhxh ∈∀≈ − ,1 .  Let 
NHF(G) denote the set of all normal hesitant 
fuzzy subgroups of G. 
Theorem 3.7. Let ( )GNHFh∈ .  Then *h  and 

*h  are normal subgroups of G.   
Definition 3.8. Let ( )GHFGh∈  and Gx∈ .  
The hesitant fuzzy subset ( ){ } heh x   is 

referred to as the left coset of h with respect 
to x and is written hx

~
 and ( ){ }xehh   is 

referred to as the right coset of h with respect 
to x and is written xh

~
. Now,  

 

( )( )( ) ( ) ( ) ( ){ }
( ) ( )

( )
( ) ( )
( )axh

axheh

axzzh
axzzheh

ayzGzyzhyehaheh xx

1

1~
for~}0{
for~

~

;,~~

−

−

=

∧=





≠∧
=∧

∨=

=∈∧∨=

 

Therefore ( )ahx
~  and ( ) ( )1~ −= axhaxh . 

Note: We write h
~

 in the notation of a coset 
in place of the hesitant fuzzy set h so as to 
differentiate between the element x and the 
hesitant fuzzy set h. We have that if 

)(GNHFh∈  then xhhx
~~

= . Thus we call hx
~

 

a coset of h (dropping the notion of left or 
right coset).  
Theorem 3.9.  let )(GNHFh∈ . Set 

{ }GxhxhG ∈=
~

/ .  Then  

1. ( ) ( )( ) ( ) Gyxhxyhyhx ∈∀= ,
~~~

  
2. ( ),/ hG  is a group  

Definition 3.10.  The group ( ),/ hG  defined 
in the above theorem, where 

{ }GxhxhG ∈=
~

/ , is called the quotient group 
or the factor group of G relative to the 
normal hesitant fuzzy subgroup h.  
Theorem 3.11.  Let ( )GHFGh∈  and let N be 
a normal subgroup of G. Define 
( ) ( )NGHFNh // ∈  as 
( )( ) ( ){ } GxxNzzhxNNh ∈∀∈∨= ~/  Then 

( ) ( )NGHFGNh // ∈ . 
Definition 3.12.  The hesitant fuzzy 
subgroup ( )( ) ( ){ } GxxNzzhxNNh ∈∀∈∧= ~/  is 
called the quotient hesitant fuzzy subgroup 
or factor hesitant fuzzy subgroup of the 
hesitant fuzzy subgroup h of G relative to the 
normal group N of G.  
 
4  Homomorphisms and Isomorphisms  
Theorem 4.1.  Let ( ) HGHFGh  and ∈ be a 
group. Suppose that f is a homomorphism of 
G into H then ( ) ( ).HHFGhf ∈  
Proof. Let Hvu ∈, . Suppose 

( ) ( )GfuorGfu ∉∉    
Then ( )( ) ( )( ) { } ( )( )uvhfuhfuhf  0~ =∧  

Now assume ( )Gfu∉ . Then ( )Gfu ∉−1 . 

Thus ( )( ) { } ( )( )10 −== uhfuhf . 
Now suppose ( ) ( )yfvxfu ==  and  for some

Gyx ∈, . 

Then ( )( ) ( ) ( ){ }uvzfGzzhuvhf =∈∧= ,~  

( ) ( ) ( ){ }vyfuxfGyxxyh ==∈∧ ,,,~   (since f is 
a homomorphism) 

( ) ( ) ( ) ( ){ }
( ) ( ){ }( ) ( ) ( ){ }( )

( )( )( ) ( )( )( )vhfuhf
vyfGyyhuxfGxxh

vyfuxfGyxyhxh

∧≈

=∈∧∧=∈∧≈

==∈∧∧

~
,~~,~

,,,~~

 
Using the property of a homomorphism that  

( )( ) ( )11 −− = zfzf  we have 

IJSER

http://www.ijser.org/


International Journal of Scientific & Engineering Research, Volume 5, Issue 9, September-2014                                   12 
ISSN 2229-5518   

IJSER © 2014 
http://www.ijser.org 

( )( )( ) ( ) ( ){ }
( ) ( ){ }., ~

, ~

11

11

uzfHzzh

uzfHzzhuhf

=∈∧=

=∈∧=

−−

−−

 

Hence ( ) ( )GHFGhf ∈ . 
Theorem 4.2. let H be a group and 

( )HHFGv∈ . Let f be a homomorphism of G 
into h. Then ( ) ( )GHFGuf ∈−1 . 
Proof. Let Gyx ∈, then 

( )( ) ( )( ) ( ) ( )( )
( )( ) ( )( )
( )( ) ( )( )yvfxvf

yfvxfv
yfxfvxyfvxyvf

11

1

~

~
 

−−

−

∧=

∧
== 

 

Further, ( )( ) ( )( ) ( )( )=== −−−− 1111 xfvxfvxvf  

( )( ) ( )( )xvfxfv 1−=  

Hence ( ) ( )GHFGvf ∈−1 . 
Theorem 4.3. let ( )GNHFh∈  and h be a 
group. Suppose that f is a surjective 
homomorphism of G onto H. Then 
( ) ( )HNHFhf ∈ . 

Proof. We have that ( ) ( )GHFGhf ∈ . Now let 
Hyx ∈,, .  

Since f is a surjection, ( ) Ga some for ∈= xaf
. 
Thus ( )( ) ( ) ( ){ }11 ,~ −− =∈∨= xzxbfGbbhxyxhf  

( ) ( ){ }
( ) ( ){ }
( ) ( ){ }

( )( )yhf
ybfGbbh

ababybfGababh

ybaafGbbaah

=

=∈∨≈

=∈∨≈

=∈∨≈

−−

−−

,~
bysubs,~

,~

11

11

 

Hence ( ) ( )HNHFhf ∈  
Theorem 4.4.  Let H be a group and 

( )GNHFh∈ . If f is a homomorphism from G 

into H, then ( ) ( )GNHFhf ∈−1 . 

Proof.  We have ( ) ( )GHFGhf ∈−1 . 
Now for any Gyx ∈, , we have  

( )( ) ( )( ) ( ) ( ) ( )( )=== −−−− 1111 xfyfxfhxyxfhxyzhf  

( )( ) ( )( )yhfyfh 1−= .  Hence ( ) ( )GNHFhf ∈−1  
Definition 4.5.  Let ( )GHFGhh ∈21,  and 

21 hh ≤ . Then 1h  is called a normal hesitant 
fuzzy subgroup of the hesitant fuzzy 
subgroup 2h , denoted by 21  hh   if 

( ) ( ) ( ) Gyxxhyhxyxh ∈∀∧− ,~  21
1

1  . 

Lemma 4.6. If ( ) ( )GHFGhGNHFh ∈∈ 21 ,  and 

21  hh  , then 1h  is a normal hesitant fuzzy 
subgroup of 2h . 
Proof.  Since ( )GNHFh ∈1  we have 

( ) ( )1
11

−≈ xyzhyh .  

 Now ( ) ( ) ( ) 211
1

1
~ hyhyhxyzh ∧≈−   because 

21  hh  . 
Lemma 4.7. Every hesitant fuzzy subgroup is 
a normal hesitant fuzzy subgroup of itself.  
Proof. ( ) ( ) ( )11 ~ −− ∧ xhxyhxyxh   

( ) ( ) ( )
( ) ( )yhxh

xhyhxh
∧

∧∧ −

~  

~~  1



  

Lemma 4.8.  Let )(, 21 GHFGhh ∈  and 21  hh  .  
Then 1h  is a normal hesitant fuzzy subgroup 
of 2h  if and only if 
( ) ( ) ( ) Gyxyhxyhyxh ∈∀∧∧ ,~~ 211  . 

Proof.  Since 21  hh   we have  

( ) ( ) ( ) ( ) Gyxyhxyhyxyyhyxh ∈∀∧= − ,~  21
1

11   
Conversely, 
( ) ( ) ( ) ( ) ( )xhyhxhxyxhxyxh 212

1
1

1
1

~~   ∧=∧−−   
Theorem 4.9. Let ( )GHFGhh ∈21, and 1h be a 
normal hesitant fuzzy subgroup of 2h .  Then 

( )*1h  is a normal subgroup of ( )*2h  and ( )*1h  

is a normal subgroup of ( )*1h . 
Proof. If ( )*1hx∈  and ( )*2hy∈  then 1h  is a 

normal hesitant fuzzy subgroup of 2h  
implies that 
( ) ( ) ( ) ( ) ( ) ( ).~~  12121

1
1 ehehehyhxhxyyh ≈∧≈∧−   

Hence ( )*1
1 hxyy ∈− .  This shows that ( )*1h  is 

a normal subgroup of ( )*2h .  Similarly we 

can see that ( ) ( ) { }0     1
1

1  ehxyyh −  which 

shows that ( )*1h  is a normal subgroup of 

( )*2h . 
Theorem 4.10. If ( )GNHFh ∈1  and 

( )GHFGh ∈2  then 21
~ hh ∧  is a normal 

hesitant fuzzy subgroup of 2h . 
Proof. We have ( )GHFGhh ∈∧ 21

~  and 

221  ~ hhh ∧ . 

Now ( )( ) ( ) ( )1
2

1
1

1
21

~~ −−− ∧=∧ xyxhxyxhxyxhh  

( ) ( )1
21

~ −∧≈ xyxhyh  

( ) ( ) ( ) ( )1
2221

~~~ −∧∧∧ xhyhxhyh  
( )( ) ( ) Gyxxhyhh ∈∀∧∧≈ ,~~

221  
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Hence 21
~ hh ∧  is a normal hesitant fuzzy 

subgroup of 2h . 
Theorem 4.11.  Let ( )GHFGhhh ∈321 ,,  be 
such that 1h  and 2h  are normal hesitant 
fuzzy subgroups of 2h .  Then 21

~ hh ∧  is a 
normal hesitant fuzzy subgroup of 3h . 
Proof.  We have ( )GHFGhh ∈∧ 21

~  and 

221  ~ hhh ∧ . 

Now ( ) ( ) ( )1
2

1
1

1
21

~~ −−− ∧=∧ xyxhxyxhxyxhh  
( ) ( )( ) ( ) ( )( )xhyhxhyh 3231

~~~ ∧∧∧  
( )( ) ( ) Gyxxhyhh ∈∀∧∧ ,~~ 321  

Therefore 21
~ hh ∧  is a normal hesitant fuzzy 

subgroup of 3h . 
Theorem 4.12. Let ( )GHFGhh ∈21,  and 1h  be 
normal hesitant fuzzy subgroup  of 2h . Let H 
be a group and f a homomorphism form G 
into H.  Then ( )1hf  is a normal hesitant 
fuzzy subgroup of ( )2hf .   
Proof. We have ( ) ( ) ( )HHFGhfhf ∈21 ,  and 
( ) ( )21  hfhf  . Now 

( )( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ){ }
( ) ( ){ }( ) ( ) ( ){ }( )

( )( )( ) ( )( )( ) Hyxxhfyhf

xufGuuhyvfGvvh

yvfxufGvuuhuh

yvfxufGvuuvuh

xyxzfGzzhxyxhf

∈∀∧≈

=∈∧∧=∈∨

==∈∧∨






 ==∈





 −∨







 −=∈∨=





 −

,2
~

1

,2
~~,1

~
,,,2

~
1

~

,,,1
1

~

1,1
~1

1







 
Hence ( )1hf  is a normal hesitant fuzzy 
subgroup of ( ).2hf  
 
Theorem 4.13. Let H be a group. Let 

( )HHFGhh ∈21,  and 1h  be normal hesitant 
fuzzy subgroups of 2h . Let f be a 

homomorphism from G into H. Then ( )1
1 hf −  

is normal hesitant fuzzy subgroup of ( )2
1 hf −  

Proof. We have ( ) ( ) ( )GHFGhfhf ∈−−
2

1
1

1 ,  

and ( ) ( )2
1

1
1  hfhf −−  .  Now,  

( )( ) ( )( )1
1

1
1

1 −−− = xyxfhxyxhf  

( ) ( ) ( )( )1
1

−≈ xfyfxfh  
( )( ) ( )( )xfhyfh 21

~ ∧  

( )( ) ( ) Gyxhfyhf ∈∀∧= −− ,~
2

1
1

1  

Hence ( )1
1 hf −  is a normal hesitant fuzzy 

subgroup of ( )2
1 hf − . 

 
Definition 4.14.  Let G and H be groups and 
let ( )GHFGh ∈1  and ( )HHFGh ∈2 . 
1. A homomorphism f of G onto H is called 

a weak homomorphism of 1h into 2h  if 
( ) 21  hhf  . If f is a weak homomorphism 

of 1h , then we say that 1h  is weakly 

homomorphic to 2h  and we write 21 ~ hh
f

. 
2. An isomorphism f of G onto H is called a 

weak isomorphism of 1h  into 2h  if 
( ) 21  hhf  . If f is a weak isomorphism of 

1h  into 2h . Then we say that 1h  is 
weakly isomorphic to 2h  and we write 

21 ~ hh
f

. 
3. A homomorphism f of G onto H is called 

a homomorphism of 1h  onto 2h , if 
( ) 21 hhf ≈ .  If f is a homomorphism of 1h  

onto 2h , then we say that 1h  is 
homomorphic to 2h  and we write 

21 hh
f
≈ . 

4. An isomorphism f of G onto H is called 
an isomorphism of 1h  onto 2h  if 
( ) 21 hhf ≈ .  If f is a isomorphism of 1h  

onto 2h , then we say that 1h is 

isomorphic to 2h  and we write 21 hh
f
≅ . 

Note: Let ( )GHFGhh ∈21,  and 21  hh  .  Then 
*
1h  is a normal subgroup of *

2h  by theorem 

[4.18] and *
22 hh  is a hesitant fuzzy subgroup 

of *
2h .  Then the factor hesitant fuzzy 

subgroup *
22 hh  relative to *

1h  exists.  

Definition 4.15.  Let ( )GHFGhh ∈21,  and 

21  hh  .  The factor hesitant fuzzy subgroup 
*
22 hh  relative to *

1h  is called the quotient 

subgroup (or factor subgroup of 2h  relative 
to 1h ) and is denoted by 12 / hh . 
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Theorem 4.16.  Let ( )GHFGhh ∈21,  and 1h  be 
a normal hesitant fuzzy subgroup of 2h .  

Then 12
*
22 /| hhhh

f
≈ . 

Proof.  Let f be the natural homomorphism 
from *

2h  onto *
1

*
2 / hh .  Then ( )=*

22 | hhf  

( )( ) ( ){ }*
1

*
2

*
22 ,~ xhzfhzzhh =∈∨  

( )( ){ }*
12

~ xhyyh ∈∨=  

( )( ) *
2

*
112 hxxhhh ∈∀=  

12
*
22 /| hhhh

f
≈∴ . 
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